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The aim of this research is to characterize the coordination of the processes of 
approximation related to the understanding of the limit of a function. We analyze the 
answers of 64 post-secondary school students to 7 problems considering the dynamic 
and metric conception of limit of a function. Results indicate that the metric 
understanding of the limit in terms of inequality supports that the student is capable 
of coordinating the approximations in the domain and in the range when lateral 
approximations coincide. However, the student is not capable of this coordination 
when lateral approximations do not coincide. This indicates that the metric 
understanding of the limit begins with the previous construction of the dynamic 
conception in case of coincidence of the lateral approximations in the range. 
 
THEORETICAL BACKGROUND AND RESEARCH QUESTIONS 
Previous research about post-secondary students’ understanding of the concept of 
limit of a real function (Cornu, 1991; Cotrill, Dubinsky, Nichols, Schwingendrf, 
Thomas, & Vidakovic, 1996; Hardy, 2009; Moru, 2009; Oehrtman, 2009; Przenioslo, 
2004; Roh, 2008, 2010) has shown the influence of the dynamic conception on the 
metric conception. The dynamic conception of limit concept can be characterized by 
the following idea: “if x approaches a, its images [ f(x)] approach L” and it could be 
expressed by 
)(lim xf
ax→ where f is a function, a a real number and L the limit of the 
function. On the other hand, the metric conception of limit is given by 
( )εε <−⇒∂<−<∀>∂∃>∀⇔=
→
LxfaxxLxf
ax
)(0:0,0)(lim
 
Although the first students’ approximation to the limit concept is the “idea of 
approximation” (Cornu, 1991, p.153; Oehrtman, 2009) Cottrill et al. (1996) suggest 
that the dynamic conception can be relatively complicated for the students, as they 
must construct “a process in the domain and a process in the range, and using the 
function for coordinating them” (p.187). These authors suggest what makes the 
concept of limit inaccessible to many students is the requirement of coordinating two 
processes of approximation with the quantification derived from the metric 
conception. In this sense, they indicate that the difficulty of the students in 
constructing the formal definition of the limit, and especially the development of a 
metric conception of the limit of a function can be the result of an insufficient 
development of the dynamic conception. Nevertheless, Williams (1991, 2001) 
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suggests that the dynamic conception of the limit concept can make difficult the 
progress towards the development of a metric conception.  
In this controversy, the issues about the influence of the different representation 
modes for supporting or limiting the meaning construction of limit concept emerge. 
Some previous investigations indicate that the idea of limit presented in a graphical 
situation is stronger than the presented in a numerical form (Monaghan, 2001). 
However, the understanding of the limit concept in one of the representations not 
necessarily implicates its understanding in another representation (Elia, Gagatsis, 
Panaura, Zachariades, & Zoulinak, 2007). This previous research point out the 
relevant role played by the coordination of approximation in the domain and in the 
range in order to generate significant relations between the dynamic and metric 
conception of the limit concept.  
In this context, we formulate the following research questions: 
• How does the coordination of the approximations in the range and in the 
domain support the emergence of relation between dynamic and metric 
conception of the limit concept? 
• How do the different representations influence on the development of this 
coordination? 
METHOD 
Participants and instrument 
A test consists of 7 problems with 19 items was solved by 64 post-secondary school 
students (16-18 years old). The different items considered the mathematical elements 
from limit concept (Table 1) and the numerical (N), graphical (G) and algebraic (A) 
representations. Table 2 shows the mathematical elements considered from limit 
concept and the type of representation in each item. 
 
 Mathematical elements considered  
E0 The value of the function f in x = a, f (a) (f a function and a a real 
number) 
E1 Idea of approximation: x approaches a and f(x) approaches L 
E2 Dynamic coordination: when x approaches a, f(x)  approaches  L 
E3 Formalization like a manifestation of being conscious of the 
existence of the limit L of the function f(x) in the point a, writing as 
lim f (x) = L 
E4 Metric coordination: it is possible to find out a x sufficiently near a, 
such that f(x) is near L much as you wishes  
Table 1. Mathematical elements considered in limit concept. 
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P1 P2 P3 P4 P5 P6 P7 
1 2a 2b 2c 2d 3a 3b 3c 3d 4a 4ax 4af(x) 4b 5 6a 6b 6c 6d 7 
E0  X X       X          
E1 X     X X    X X  X X X    
E2    X    X         X   
E3     X    X    X     X  
E4                   X 
R N G G G G N N N N A N A A N N N N N N 
Table 2. Mathematical elements considered in the test.  
Ei (i=0,1,2,3,4) mathematical elements from limit concept considered 
Pi (i=1,2,3,4,5,6,7) problems in the test 
R: The type of representation (N, G, A) 
For example, problem 4 consists of 4 items (Figure 1): 4a – the calculation of the 
value of f(x) in several points-, 4ax- idea of approximation to a certain number in the 
domain from the values of x-, 4af(x)- idea of approximation to a certain number in 
the range from the values of f(x) -, 4b- formalization as a manifestation of being 
conscious of the existence of the limit . The aim was to analyze if students calculate 
the value of the function in an algebraic way (E0);  construct a process of 
approximation to a certain number (x = 2) in the domain from the values of x for both 
the right and the left side (E1), construct a process of approximation to a particular 
number (f (x) = 0,25) in the range from the values of f (x) for the right and for the left 
side (E1), translate the coordination of the both approaches to a formal language, and 
finally, analyze how students associate the coordination of both processes of 
approximation (E2) with the existence of the limit of the function (E3). 
Analysis 
Post-secondary school students’ answers to each item were analyzed by three 
investigators. This process generated criteria in order to realize a dichotomic 
codification, (1) correct answer and (0) incorrect answer. Afterwards, a statistical 
implicative analysis was carried out (Gras, Suzuki, Guillet, & Spagnolo, 2008; 
Trigueros & Escandon, 2008) using the software CHIC (Classification Hiérarchique 
Implicative et Cohésitive). From this analysis, implicative diagrams were derived and 
they involve relations between students’ answers and the items of the test. 
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Problem 4 
If f(x) = x-2 complete: 
              x²-4  
a)  x tends to…    x tends to…   
 
  
  
        f(x) tends to…    f(x) tends to… 
 
b) lim f(x) = … 
 x → … 
x 1,9 1,99 1,999 1,9999 
f(x)     
2,0001 2,001  2,01    2,1 
    
Figure 1. Example of a problem of the test: Problem 4.  
 
Figure 2 shows a student answer to problem 4. The answer was codified as (1,1,0,0) 
since the answers to items 4a and 4ax are correct, but this student solved item 4af(x) 
incorrectly and did not reply to item 4b. 
 
 
Figure 2. Example of a student answer. 
 
RESULTS 
Access to the concept and formalization 
Figures 3 and 4 show the implicative diagrams to 99% and 90% of statistical 
significance respectively.  
The implicative diagram to 99% of significance (Figure 3) generated three 
independent implicatives structures. In two of them, mathematical elements in 
numerical representation (N) are related, and in the third one, mathematical elements 
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in algebraic representation (A) are related. The left structure shows, in a numerical 
context (N), the implicative relation between the approximation to a number in the 
range when the lateral approximations are equal (E1N3b) and the approximation to a 
number in the domain (E1N3a). On the other hand, in an algebraic representation (A) 
the implication between the approximation process to a number in the range 
(E1A4af) and the calculation of the value of the function in a point (E0A4a) appears. 
Finally, the last implicative structure shows the implicative relations between the 
approximation to a number in the range when the lateral approximations are different, 
the coordination between the approximation in the domain with the approximation in 
the range, and manifestations of the existence of the limit in the numerical 
representations.  
The relations described in this level of significance indicate that the numerical 
representation determines the start for the development of the process of coordination 
in the domain and in the range even when the lateral approximations are different.  
 
 
 
 
 
Figure 3. Implicative diagram (99%).   Figure 4. Implicative diagram (90%). 
 
On the other hand, the implicative diagram to 90 % of statistical significance (Figure 
4) only generated an implicative structure. This diagram shows in numerical 
representation, the relation among the coordination of the approximation in the 
domain with the approximation in the range when the lateral approximations do not 
coincide (E2N6c), the approximation in the range when the lateral approximations do 
not coincide (E1N6b), and the approximation to a number in the range when the 
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lateral approximations coincide in algebraic mode (E1A4af) as well as the relation 
between being conscious of the existence of the limit by the formalization (E3A4b) 
and the approximation to a number in the domain (E1N4ax) in numerical way. 
This implicative structure indicates that the post-secondary students start 
coordinating the approximation processes in the domain and in the range when the 
lateral approximations are not match in the numerical representation. This 
coordination is added to the coordination in the algebraic way when the lateral 
approximations coincide with the relation to the conscience of existence or not of 
limit revealed by the formalization. 
Both levels of statistical significance show two ideas. Firstly, the numerical 
representation of representation supports the process of coordination of the 
approximations in the domain and in the range so much if the lateral approximations 
coincide or not. Secondly, the algebraic representation supports to become conscious 
of this coordination revealed across its formalization. 
The coordination of the approximation processes in the domain and in the range 
and the metric comprehension of limit 
Implicative relations between the metric comprehension of the limit in terms of 
inequalities and the coordination between the approximation in the domain and in the 
range only appears in the implicative diagram at 90%  of significance. The metric 
comprehension in terms of inequalities in the numerical representation (E4N7) 
presents two implications: (i) the coordination of approximations in the domain and 
in the range (when lateral approximations coincide) (E2N3c), and (ii) the 
approximation to a number (E1N1) (Figure 4). 
The implicative relations in the numerical representation, E4N7 àE2N3c and 
E4N7à E1N1, indicate that the metric comprehension of the limit in terms of 
inequalities involves to be capable of coordinating the approximation in the domain 
with the approximation in the range when the lateral approximations coincide, but it 
does not imply to be capable necessarily of realizing this coordination when the 
lateral approximations do not coincide. 
Discussion 
The aim of this research is to provide information about how students construct the 
relation between dynamic and metric conception of the limit concept from the 
coordination of the approximation processes in the range and in the domain, and 
about which is the role played by representation modes in establishing the relations 
between these conceptions.  
An important fact revealed by our results is that the metric comprehension of the 
limit in terms of inequalities involves being capable of coordinating the 
approximations in the domain and the range when the lateral approximations 
coincide, but does not imply necessarily that the student is capable of establishing 
this coordination when the lateral approximations do not coincide. This indicates the 
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cognitive difference between the coincidence or not of lateral approximations in 
order to coordinate the approximation in the domain with the approximation in the 
range. That is to say, this fact suggests that the metric comprehension of the limit 
seems to start with the previous construction of the dynamic conception but in the 
case of the coincidence of lateral approximations in the range. The results also show 
the important role developed by the numerical representation in the coordination of  
approximation processes and as a previous step to the coordination in the algebraic 
representation and in coming to be conscious of the existence of limit or not. 
Finally, the absence of the variables in graphical representation can be explained 
because the items in the graphical way of representation have been linked to the idea 
"graph of asymptote" (Kidron, 2010) that according to Cornu (1991) it is an 
epistemological obstacle in the historical development of the limit concept. In this 
sense, the results obtained must be interpreted considering this fact. A final issue for 
further research is to study the role played by the graphical representation in the 
development of the coordination of the processes of approximation in the domain and 
in the range to construct the relation between the dynamic and metric conception of 
the concept of limit of a function in a point. 
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